The mass spectrum of spin-1/2 baryons in both parity channels is computed using the methods of lattice QCD in the quenched approximation. An anisotropic action with anisotropy as/at = 3 is employed, using tree-level coefficients with tadpole improvement. Clear splittings from the nucleon ground state are observed with smeared operators and 500 configurations. Methods for extracting the first excited states are investigated. Using the quark mass dependence of the masses, qualitative comparisons are made with previous calculations and experiment.
Introduction
There is increasing experimental information on the N* spectrum from JLab and other accelerators, and the associated desire to understand it from first principles. Lattice QCD has matured to the stage that state-of-the-art quenched lattice QCD simulations have produced a ground-state spectrum that is very close to the observed values as represented by the CP-PACS calculation 1 . Even unquenched computations are becoming common. For calculation that involve the study of groundstate baryons, see for example 2, 3, 4, 5 . For reviews on baryon mass spectrum, see for example 6, 7 . Thus it is important to extend beyond the ground states. The rich structure of the N* spectrum 8 provides a fertile ground for exploring how the internal degrees of freedom in the nucleon are excited and how QCD works in a wider context. One outstanding example is the splitting pattern between the observed 1/2 + spectrum and its parity partner: the 1/2 − spectrum, as shown in Fig. 1 . The splittings can be viewed as a direct manifestation of spontaneous chiral symmetry breaking of QCD, because without it QCD predicts parity doubling between these two sectors. Specifically, there are many interesting questions. Why is the lowest positive parity excitation of the nucleon, N * (1440)1/2 + (the Roper), lighter than its negative parity counterpart, N * (1535)1/2 − ? The same is true in the ∆ channel. Why is the splitting in the positive-parity channel: N * (1440)1/2 + − N (938)1/2 + , much larger Lattice QCD has the potential to ultimately answer these questions. The first step is to be able to access the excited states on the lattice. We want to establish clear signals for the states on a consistent basis under various actions and techniques, and gain control with the systematic errors involved. Excited states have proven elusive on the lattice. The heavier mass of these states means that the signal is deteriorating faster than ground states into the noise before one can see the states emerge. Good statistics and time resolution are desired. There are a number of lattice studies of the excited baryon spectrum 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 23, 24, 25, 26 . This work is another calculation in the 1/2 ± sectors using a highly-improved action on an anisotropic lattice.
Theoretical Methods
The basic building block of hadrons in QCD is the fully-interacting two-point quark propagator defined by the Euclidean-space path integrals over gluon field A µ and quarks fields ψ andψ,
DψDψDA µ e −SQCD .
The action is the sum of a gluon part and a quark part
where
is the gluon field strength tensor and M = γ µ D µ + m q is the Dirac operator for quarks. The interaction between the two is provided by the covariant derivative D µ = ∂ µ + gA µ . The basic parameters of the theory are the coupling constant g and quark mass m q . The quark part of the integration can be done analytically using Grassmann algebra, leading to a path integral over only gluon fields
which can be evaluated by Monte-Carlo methods on a discretized space-time lattice.
In the quenched approximation, the quark determinant det(M ) is ignored, making the numerical calculation significantly faster. The continuum action can be discretized in various forms. We choose to work on an anisotropic lattice with spatial spacing greater than the temporal one: a s (= a x = a y = a z ) = a t . One attractive feature of anisotropic lattices is that with modest lattice sizes one can access large spatial volumes while having a fine temporal resolution, important when the states are extended and heavy. For the gauge action, we use
where Ω sp is the sum of 1 × 1 spatial plaquettes, Ω tp the sum of 1 × 1 temporal plaquettes, Ω sr the sum of 2 × 1 spatial rectangles, Ω ′ tr the sum of short temporal rectangles (one temporal link, two spatial links). The spatial and temporal tadpole factors are denoted by u 0,s and u 0,t , respectively. This action has been used effectively to simulate glueballs 27 . For the quark action, we use
where the quark matrix
With the specific choice of the factors b µ = 
and
the action can be cast into the explicit form of
which consists of three types of interaction terms: nearest-neighbor, next-nearestneighbor, and the clover term. The hopping parameter κ is related to the bare parameters by
From this relation one can determine the free-field critical value of κ (where the quark mass m 0 = 0). For the parameters used in this calculation (anisotropy ξ = a s /a t = 3 and r = 2/3), κ c = 0.234. The familiar value of κ c = 1/8 for Wilson fermions on isotropic lattices can be recovered from this relation by setting a s = a t and r = 1. In the presence of the gauge fields, this relation is renormalized on the quantum level. Then κ c is usually defined at where pion mass squared vanishes. The quark mass can then be determined by
This type of anisotropic actions have been used to study systems with heavy quarks 29,30,31,32 .
Interpolating Fields and Correlation Functions
The calculation of hadron masses centers around the time-ordered, two-point correlation function in the QCD vacuum, projected to finite momentum:
where η is called the interpolating field which is built from quark fields with the quantum numbers of the hadron under consideration. For baryons, G(t) is a 4x4 matrix in Dirac space. Two independent, local interpolating fields are considered for the nucleon
Here C is the charge conjugation operator and the superscript T means transpose. η 2 . This has the consequence that η p 2 has small overlap with the nucleon ground state and we show later that it primarily couples to the excited state.
The interpolating fields for the remaining members of the octet in which there is a doubly occurring quark may be obtained by appropriate substitution of quark fields in those for the nucleon. For Σ + (uus), simply replace the d quark with the s quark. For Ξ 0 (ssu), first replace the u quark with the s quark, then the d quark with the u quark. We assume SU(2) symmetry in the u and d quarks, so the isospin splittings among the different charge states are ignored.
For octet Λ (uds) interpolating fields, we consider
We also consider the flavor-singlet interpolating field
which differs from the octet interpolating field in Eq. (15) only in the coefficient of the first term. Since SU(3) flavor-symmetry is broken by the heavier strange quark it may be interesting to consider an interpolating field that is common to both the octet and the singlet fields. Such an interpolating field would not make any assumptions on the flavor symmetry of the quarks. Therefore we also consider a common interpolating field defined by
The above choice of the currents for the octet baryons has the feature that the correlation functions at the quark level coincide with each other under SU(3) flavor symmetry.
Although constructed with explicit positive parity, the interpolating fields for the 1/2+ states couples to both positive and negative parities. This is true for any local baryon interpolating fields which have the structure [q T Γ 1 q]Γ 2 q. The quantity in the square brackets is a scalar, so the explicit parity of the interpolating field can be flipped by multiplying γ 5 without losing its physics content. This feature is not present in mesons whose interpolating fields have the general structure qΓq. So the explicit interpolating fields for the 1/2− octet baryons are simply obtained by multiplying γ 5 to their counterparts in the 1/2+ family. A non-relativistic reduction reveals that the upper components of the both negative-parity γ 5 η 1 and γ 5 η 2 are proportional to p/E.
The existence of two independent types of interpolating fields allows the formation of various types of correlation functions: the diagonal correlators N 1 =< η 1η1 > and N 2 =< η 2η2 >, and the off-diagonal < η 1η2 > and < η 2η1 > (below we shall refer to the sum of the two as N 3 ). We will exploit this freedom to try to gain access to excited states.
The calculation of G(t) at the quark level proceeds by contracting out all the quark pairs. In the case of the proton, the result is for the diagonal correlator of
where S ij q denotes the fully-interacting quark propagator
For the off-diagonal correlator of N 3,
The correlation functions for other states are similarly obtained. On the hadronic level, an interpolating field excites both the ground state and the excited states of a hadron. The overlap of an interpolating field with a hadron state is described by a phenomenological parameter λ, which is a measure of the ability of the interpolating field to excite or annhilate the hadron from the QCD vacuum, defined via
for a positive-parity baryon state with momentum p and spin s, and
for a negative-parity state. Here u is the Dirac spinor with the normalization
The correlation function is evaluated by inserting in Eq. (12) a complete set of intermediate states of both parity, as illustrated in the next section in relation to parity projection.
Parity Projection
It is relatively easy to project out the parity of spin-1/2 states, even at finite momentum. Only the diagonal elements of the spin-1/2 correlator are needed. With the definitions in Eq. (21) and Eq. (22), and fixed (or Dirichlet) boundary conditions in time, the two-point function of the two negative-parity operators
takes the large Euclidean time limit
where the sum over s is for the spin polarizations. Here the upper sign denotes the contribution of a low-lying positive parity state and the lower sign denotes a negative parity state. p is on shell and E ± (p) is the on-shell energy (p 2 + m 2 ± ) 1/2 . Where the positive-parity ground-state baryon is the state of interest, it is sufficient to take the trace of the product of the two-point function of positive-parity operators and Γ 4 ≡ (1 + γ 4 )/4. For the two-point function of negative-parity interpolators considered here, such a trace yields
For zero three-momenta, E ± = m ± and the trace projects to the negative-parity baryon. We note that only the 1,1 and 2,2 Dirac indices of Γ 4 are non-zero, and therefore only the 1,1 and 2,2 Dirac indices of the lattice two-point function G(p, t) are required to calculate the trace. At finite momenta, positive parity states contaminate this correlation function at the level of p 2 /(4 m 2 ) which is at the level of a few percent on the lattice considered here. However, even at this low level, the large Euclidean time evolution of the twopoint function will ultimately be dominated by this lower-lying state. Examination of dispersion relations based on the unprojected energies indicate that the positive parity contamination is problematic. Fortunately, it's easy to modify Γ 4 to project negative parity at finite momenta as the two terms in (26) have their origin in separate γ-structures. Consider the momentum dependent Γ 4 defined by
and the following trace
For the upper sign associated with a positive parity intermediate state, E + is replaced by m + and (28) vanishes. Hence taking the trace with Γ 4 (p) projects negative parity states for all momenta. We note that Γ 4 (p) remains diagonal in Dirac indices and therefore only the four diagonal Dirac indices of the lattice two-point correlation function need be calculated. Perhaps it is also worth noting that the projection is removing a small positive-parity contamination the order of a few percent. In addition, excellent dispersion for the positive-parity ground-state baryons has already been demonstrated for the Dχ34 action 33 . To summarize, the negative-parity baryon mass is extracted from (28) with p = 0
where the subscripts ij on G ij (0, t) indicate Dirac indices. Γ 4 (p) is determined with the use of previous results for the the on-shell positiveparity energy E + = (p 2 + m 2 + ) 1/2 and the negative-parity energy is extracted from
Alternatively, the actual positive-parity energy extracted from lattice two-point correlation functions at finite momentum could be used for E + , and should provide similar results. We will restrict ourselves to parity projection with zero momentum in this work.
Methods to Extract Excited States
One the lattice, the correlation function falls with time as a sum of exponentials The ground state dominates at large time. The isolation of excited states has proven difficult. The simplest way of fitting two exponentials is unstable due to large systematic dependence on the fitting window.
There are a number of alternative techniques to access the first excited states. One class relies on Bayesian statistics, such as constrained curve fitting 38, 39, 24, 40 , or maximum entropy methods 41, 42 . and can be applied to a single correlation function. Another is based on the variational method originally proposed by Lüscher 36 and subsequently applied in various lattice studies 11, 37, 18, 7, 20, 21, 22 . This method relies on the existence of independent operators for the same quantum numbers. Here the essential steps are recapped as used in this work. Given two independent operators, η 1 and η 2 , one can take a linear combination of them and construct an effective mass,M
where α i are real parameters, and C ij are correlation functions formed from the operators
The t 0 is some fixed time slice which we take as one step away from the source (t=3). The objective is to extend the plateau region in the effective mass as close to the source as possible by the minimization: ∂M (t)/∂α i = 0, for all i, yielding an eigenvalue equation
where C is the time-sliced 2x2 matrix of correlators formed by the two independent operators,
The parameter ω is introduced as an arbitrary relative normalization of the two operators. If the system has only two independent states, the eigenvalues are
Ordering eigenvalues by λ 1 > λ 2 , then the two states are separated exactly, with λ 1 coupling to the ground state, and λ 2 to the next state. If the system has more than two states, then λ 1 is expected to be dominated by the ground state at sufficiently large time, and λ 2 to be dominated by the first excited state. Higher states are suppressed by their coefficients. The corresponding eigenvectors
provides the optimal operator for that state
We refer to this method as Matrix Method I. An alternative way is to do a direct diagonalization of the matrix C(t)
and seek cancellations among higher states by adjusting ω. We refer to this method as Matrix Method II. Both methods can be easily extended to a larger basis of independent operators to gain access to higher excited states. According to variational principle, the lower states are systematically and simultaneously improved as the basis is enlarged. Since we apply smearing at the source or sink in this work, we also consider a method where the first excited states are isolated by the combinations:
or
where the subscripts refer to source-sink combinations of local-local (LL), smearlocal (SL), local-smear (LS), and smear-smear (SS). The method relies on the cancellation of the leading exponential in the local-local correlation function C LL (t) in the combinations.
Results and Discussion

Lattice details
A 10 3 × 30 lattice with a s ≈ 0.24 fm and bare anisotropy ξ = a s /a t = 3 is used. The tadpole factor from the plaquette mean link is u s = 0.81 while u t is set to 1. In all, 500 configurations are analyzed. On each configuration 9 quark propagators, corresponding to kappa values 0.30, 0.31, 0.32, 0.33, 0.34, 0.345, 0.35, 0.355, 0.36, are computed using a multi-mass, BiCGStab solver. The source location is (x, y, z, t) = (1, 1, 1, 2) . Dirichlet (or fixed) boundary condition in the time direction is employed on the quark fields, while periodic boundary condition in the spatial directions. The critical kappa value determined from m A Gaussian-shaped, gauge-invariant smearing function 35 in spatial directions,
was applied at both the source and the sink to increase the overlap with the states in question. So for a given interpolating field operator, one can construct four types of correlation functions with the source-sink combinations of local-local (LL), smearlocal (SL), local-smear (LS), and smear-smear (SS). In Eq. (45), α is the coupling strength at which the neighboring links are brought in, and N is the number of iteration times. We used α = 0.25 and N = 10 in all cases. The benefit of smearing can be measured by considering the overlap between the extracted asymptotic state and the total correlation function, defined as
where j is taken as the lowest state. If the overlap is perfect, then R = 1. It is most meaningful to look at R at the source where the states are created. Fig. 2 gives a comparison of the overlap defined in Eq.(46) in six nucleon correlators between LL and SL correlation functions. In all cases, smearing at the source improves the overlap with the ground state, as indicated by the difference between the two curves, but to varying degree. In the case of N 1 , N * 1 , N * 3 , at the source location t=2 the improvement is from 5% level for LL to 80% level for SL. For the N 2 and N * 2 , the improvement is at 20% level. There is not much improvement for N 3 . Away from the source, the improvement of SL over LL is clear in all cases. Most of our results are extracted from the SL case, although we have checked that all four types of correlation functions produce consistent results.
Statistical errors are derived from a bootstrap procedure which takes into account possible correlations in the Monte-Carlo data. Fitting to a single exponential, we −M t , the time window in which the asymptotic state is extracted is picked by looking at a variety of combinations and guided by χ 2 /dof. In our analysis, this process is automated so we were able to look at all possible time windows in and around the asymptotic region to find out the best window The returned windows are further checked by inspecting the correlation functions and their effective mass functions to ensure their reliability.
Ground States
Before discussing the excited states, we do a brief check on the ground-state hadron spectrum. Fig. 3 shows mass ratio of selected hadrons to the nucleon as a function of the pion over rho mass ratio squared. The experimental values are also plotted for reference. We see the expected quenched artifact of the ρ/N ratio being too small, as well as the Decuplet/Octet ratio. In the Λ 1/2+ channel, the octet Λ 8 and common Λ C give almost identical results, while the singlet Λ S gives a much higher mass. The experimental value for the Lambda singlet is not clear, so we put a state at 1800 MeV with a question mark. Our values can be considered as predictions. Unfortunately, the lowest pion mass is too far from the physical point to allow a better comparison. In the meson sector, the J parameter, defined at m ρ /m π = 1.8 as
is interesting because it is a measure of the effect of the quenched approximation. Empirically this ratio is 0.48. We find 0.43 on our lattice, as shown in Fig. 4 . The physics associated with this discrepancy was discussed, for example, in Ref. 34 . There it was pointed out that the self-energy generated by two-pion intermediate states of the ρ-meson, which is excluded in the quenched approximation, acts to increase the J parameter.
Next, we check some mass relations in the baryon octet and decuplet using the extracted masses, as shown in Fig. 5 . These relations are approximately satisfied in nature. On the lattice, they are satisfied reasonably well.
Excited States
To give an idea of the overall quality of our data sets, we show in Fig. 6 some sample effective mass plots from the SL type in the nucleon channel at the heaviest and lightest quark masses considered. An effective mass is defined as
In the region where G(t) is dominated by a single exponential, M (t) is independent of time (plateau) and is taken as the mass of the hadron. In the positive-parity channel, the signal for the standard nucleon correlators (N 1 ) is the best, as expected, followed by the mixed correlator (N 3 ), then by the unconventional nucleon correlators (N 2 . In the negative-parity channel, the signal for all three correlators are of comparable quality and are considerably noisier than that for the ground state nucleon (N 1 ). Nonetheless, valid plateaus exist in all cases. The situation in the strange channels is qualitatively the same, although the signal is slightly better because of the stabilizing effect of the heavier strange quark mass. Fig. 7 shows the masses extracted at all 9 quark masses. There are two sets of data on this plot. For now, let us focus on the empty symbals. The other set will be discussed below. To avoid clutter, the results for N 3 and N * 3 are not shown Basically, the N 3 gives roughly the same mass as N 1 , N * Fig. 7 . Masses in the nucleon sector as a function of m 2 π . Two sets of results are overlayed with a slight horizontal shift. One set (empty symbols) are from a direct fitting of the correlators, the other (the corresponding solid symbols) are projected by the correlator matrix method. The experimental numbers are given on the left as ( * ). N * 1 . In the 1/2+ sector, N 2 yields a consistently higher mass than N 1 . It turns out that the interpolating field η 2 has very little overlap with the ground-state nucleon: the spectral weight w as in we −M t in the cross correlator N 3 is 200 times smaller than that in N 1 at the smallest quark mass. This leads to the speculation that η 2 possibly couples to the next state in the channel: the Roper N (1440)1/2+, but the mass is too high for such a possibility. The two negative-parity states, N 1 (1/2−) and N 2 (1/2−) are close to each other, consistent with N * (1535)1/2− and N * (1650)1/2− in the observed spectrum. Since pion masses are relative heavy, we do not attempt a chiral extrapolation. Even a linear extrapolation is not advisable since there is some curvature in the data.
We applied the variational method to the 2x2 correlator matrix as described earlier. In the nucleon sector, the two states projected out from the eigenvalues are shown in Fig. 7 for both positive and negative parity channels, as the set represented by the solid symbals. The scale a s = 0.24 fm which was based on the r 0 scale was used to convert lattice results into physical units. Alternatively, one can use the rho meson mass or nucleon mass to set the scale. Often the scales set from different quantities are different from each other. On an anisotropic lattice, there is the additional complication that the bare anisotropy ξ = a s /a t receives renormal- ization at the quantum level (though the use of tadpole-improvement is expected to alleviate the problem), thus introducing additional uncertainty in setting the scale. Assuming the renormalization of the bare anisotropy is small, one can take a t = a s /ξ = 0.24fm/3 = 0.08fm. Using the conversion factor 197 MeV·fm = 1, it corresponds a −1 t =2.46 GeV. From this scale, the computed hadron masses can be easily converted into physical units. For example, M N1 a t = 0.607 at the lightest quark mass (κ = 0.36) corresponds to M N1 = 0.607 * 2.46 = 1.495 = GeV. There appears a systematic overestimation in the converted masses compared to experiment. It most likely reflects the uncertainty in the scale. In fact, if one takes mass ratios of the results (which is free of scale), the trend in the results agrees better with experiment. The projected results in the positive-parity channel are essentially the same as the un-projected results. It is a consequence of the smallness of the cross correlation of the two interpolating fields. In the negative-parity channel, the unprojected results already display a small splitting between the two interpolating fields. The effect of the projection causes a 'level repulsion', a widening of the splitting as the quark mass decreases. A similar effect has been observed in Ref.
7 . More discussion on the projected states will follow in section 3.4.
Similar plots for the Σ and Ξ states are presented in Fig. 8 and Fig. 9 , respectively. These results are consistent with those in Ref.
7 . Fig. 10 shows the results in the octet Λ channel. We did not compute the cross Fig. 12 . At the pion masses probed in this work, one can see that the Roper and the S 11 are still inverted compared to experiment. To agree with experiment, a level crossing between the two must take place on the lattice. There is some evidence of the cross-over in a recent study using the overlap Dirac operator which allows deeper access in the chiral regime 24 . The Λ(1405)1/2− and N (1535)1/2− are nearly degenerate on the lattice. One needs to go to smaller pion masses in order to resolve the two states. At the hadronic level, the suppression of the Λ 1/2− (1405) mass lies in strong resonance channels such as the KN and πΣ which would present themselves as nonlinearities in the quark-mass extrapolation. 
The First Excited States
The methods discussed earlier in section 2.3 provide a systematic way of gaining information on the first excited states. First we consider the 2x2 correlator matrix constructed from the two independent local interpolating fields η 1 and η 2 for 1/2+ states, and η − 1 = γ 5 η 1 and η − 2 = γ 5 η 2 for 1/2− states. We found that both matrix methods described in section 2.3 give consistent results. For the parameter ω in the matrix method, we used
We checked the sensitivity to ω by increasing or decreasing it by up to a factor of 10. We find that there is a region in t for which the effective masses coincide for all ω. Most of the dependence on ω takes place near the source. We also investigated the the 2x2 correlator matrix constructed from the local and smeared interpolating fields. Such a matrix can be constructed for any given interpolating field. The quality of the data from such a method is not so good, so we will not discuss it any further. We also played with the methods in Eq. (43) and Eq. (44) and found them not very stable.
In the 1/2 + channel, it is reaffirming to observe that the ground state from the matrix method yields the same mass as that from the N 1 correlator, indicating that we can indeed identify N 1 with the ground state. It is interesting that the 1st excited state N ′ from the matrix method lies slightly below N 2 . This small difference can be attributed to the smallness of the strength of N 3 relative to N 1 . Were N 3 zero, the matrix method would simply return N 1 and N 2 . The mismatch between N 1 and N 2 in the positive-parity channel renders the variational method ineffective. So the N ′ 2 (1/2+) state a should not be identified with the Roper state. The mismatch could be further traced to the structure of the interpolating field η 2 which has a upper spinor components of on the order of (p/E) 2 which vanishes in the non-relativistic limit. It suggests that η 2 has very little overlap with the nucleon. In the 1/2 − channel, the matrix method produces a 'level repulsion' as mentioned earlier. Here the interpolating fields for 1/2 − states, η − 1 = γ 5 η 1 and η − 2 = γ 5 η 2 , have upper spinor components of the order p/E which are comparable in size. This may be the origin of the closeness of the two negative-parity states in the nucleon channel. In the quark model, the two nearby low-lying N 1/2− states of the physical spectrum are described by coupling three quarks to a spin-1/2 or spin-3/2 spinflavor wave function coupled in turn to one unit of orbital angular momentum. In a relativistic field theory one does not expect η a Note that we put a prime to emphasize the fact that it is the first excited state projected from the correlator matrix, not the unprojected state directly from N 2 (1/2+). However, it is expected that η − 1 will predominantly excite the lower-lying j = 1/2 state associated with ℓ = 1 and s = 1/2 while η − 2 will predominantly excite the higher-lying state associated with s = 3/2. This expectation is borne out in the variational analysis. The patterns in the Σ and Ξ sectors are essentially the same.
Summary and Outlook
The potential of anisotropic lattices, smeared operators and variational analysis is demonstrated in probing the low-lying N*s in the 1/2+ and 1/2− sectors in lattice QCD. Clean and clear splittings are produced on a modest 10 3 × 30 lattice using 500 configurations. In the ground-state spectrum, the expected features in the quenched approximation are reproduced. In particular, the mass relations in the baryon octet and decuplet in Fig. 5 are confirmed on the lattice. The overall pattern of our results is consistent with previous calculations using different lattices and actions. It shows that the success of tadpole-improved anisotropic action in the heavy-quark sector can be extended to the light-quark region. The relatively heavy pion masses explored in this study (the lowest pion mass 690 MeV) prevent us from giving definite answers to the questions posed in the introduction. Study is under way to try to find out how low one can push the pion mass using this action and how large a corresponding lattice to use. At the same time, the same set of quark propagators are being used to study other sectors of the spectrum, such as isospin-1/2 and spin-3/2 states.
